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Abstract 

OPERA's results, if confirmed, pose the question of superluminal neutrinos. 
We investigate the kinematics defined by the quantum version of the relativistic 
Hamilton-Jacobi equation, i.e. E 2 = p 2 c 2 + m 2 c 4 + 2mQc 2 , with Q the quantum 
potential of the free particle. The key point is that the quantum version of the 
Hamilton-Jacobi equation is a third-order differential equation, so that it has inte- 
gration constants which are missing in the Schrodinger and Klein-Gordon equations. 
In particular, averaging the velocity on a period leads, depending on the value of an 
integration constant, to superluminal solutions in agreement with OPERA's results. 
This also suggests formulating the relativistic quantum Hamilton-Jacobi equation 
on a discrete space-time. 
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OPERA's results, if confirmed, indicate that neutrinos may be superluminal [Tj. Here 
we investigate a strange coincidence which arises if one compares OPERA's results with 
the kinematics defined by the quantum version of the Hamilton- Jacobi equation. The 
quantum version of the non-relativistic and relativistic Hamilton- Jacobi equations has 
been derived by first principles in (21 [31 H] , strictly related to classical-quantum duality 
[5]. In [2], it has been shown that energy quantization follows as a theorem without using 
any axiomatic interpretation of the wave function. 

A basic outcome of the formulation proposed in [2} El H] , is that the quantum potential, 
that plays the role of intrinsic energy, is never trivial. This is true even in the case of the 
free particle classically at rest. 

Consider the Klein-Gordon equation in the stationary case 

(-ftVA + mV - E 2 )ip = . (1) 

The Relativistic Stationary Quantum Hamilton- Jacobi Equation follows by setting ip = 
Re^ s ° 

(V5 ) 2 + mV-^-^ = 0, (2) 
where Sq and R satisfy the continuity equation 

V • (R 2 VS ) = . (3) 

In terms of the quantum potential 

H 2 AR 
^ ~ ~2^i~R ' 

and of the conjugate momentum 

V = VS , 

Eq.Q reads 

E 2 = p 2 c 2 + m 2 c 4 + 2mQc 2 . (4) 

For our purpose it is sufficient to consider the 1 + 1 dimensional case. The continuity 
equation gives R = 1/ so that 

Q = ^{3o,q}, 

where {/, q} = ^j, — K/ 7 ) 2 ^ s ^ ne Schwarzian derivative of /. Therefore (j2J) and (j3J) 
reduce to the single equation 

(d q S ) 2 + m 2 c 2 - ^ + ^{S , q} = 0. (5) 
The general solution of (JSJ) has the form 

el « = e-^±4, (6) 
w — it 

where w = ip D /ip G R and if} and ip D are two real linearly independent solutions of the 
Klein-Gordon equation ([!]) in the 1+1 dimensional case. Furthermore, we have 5 = {a, £}, 
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with «6l and t = t\ + i£ 2 integration constants. The crucial point here is to note that 
£1 7^ even when E = mc 2 , equivalent to having So 7^ cnst, which is a necessary condition 
to define {So, q}. This implies a non-trivial So, even for a particle classically at rest. 
Following Floyd [6], time parametrization is defined by Jacobi's theorem 

t = ^ (7) 
dE ' [n 

that, since p = d q S , implies v = dE/dp, which is the group velocity. Set L = k£, 
Li = JiLL, L 2 = where 

1 



k = —VE 2 ^ 



he- 
Note that L may depend on the particle quantum numbers. Even if, as shown in [2j [3j H] , 
L may depend on the energy and fundamental constants as well, here we consider the 
case of L independent of E. Two linearly independent solutions of (CQ) are sin(fcg) and 
cos(kq), so that by fl6]) we have that in the case of So, solution of fl5]), the mean speed is 



v = ~ = c H E (Li,L 2 ;q) , (8) 

with 

Wl , i2 ;, )= mi^M. (9) 

We see that the H — > limit corresponds to 

H E (l,0;q) = l , 

so that one recovers the classical relativistic relation 



v = c- 



E 

The situation changes considerably if L% ^ 1 and/or L has a non-trivial imaginary 
part, L 2 7^ 0, even small. In particular, one may easily check that in general there are 
values of q, L\ and L 2 for which 

E E {L x ,L 2 ,q) > 1 , (10) 

which is a basic hint that superluminal solutions exist. We now show that there is a 
natural way to get rid of the unwanted oscillatory terms. Let us first consider the case 
\L\ = 1, that is set 

L\ = cos a , L 2 = sin a , (11) 

so that Eq.® reduces to 



q V E 2 — m 2 c 4 1 + sma sm(2A;g) . . 

v = - = c . (12) 

t E cos a 

Note that, in the case of the OPERA's experiment, the term sin(2fcg) is very rapidly 
oscillating. Furthermore, the neutrino Compton wavelength X u is approximately 10 10 
times k~ x . This suggests averaging v on the interval [q, q + f ], so that Eq. flTS"]) becomes 



, , k , VE 2 - m 2 c* 1 

(«> = -/ v(q)dq=c — . (13) 
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As we said, the integration constant L, and therefore a, may depend on particle quantum 
numbers. By ( I13p we see that, depending on the values of a, E and m, one may have 
(v) > c. 

Another interesting consequence of ffl3|) is that since it corresponds to f fT2|) at q — 
(2j + l)n/2k it may indicates that neutrinos lives on a discrete space-time. In this 
respect, it would be very interesting to formulate the relativistic quantum Hamilton- Jacobi 
equation on a space-time lattice and check if it may lead to an analogue of Eq. (I13j) . Finally, 
note that the high value of X u k is a key point in getting ( fl3l) . so that such a scenario may 
also explain the existence of an energy threshold to get superluminal solutions. 
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